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@) Whatis the Problem?

 Fundamental signal/imaging equation is

S = [, f —|— n s - signal/image
f - information
n - Noise
L - linear operator

 Operator, information and noise relate to
physical effects:

- what are they?
- how can we generate a physical model for them?
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Applications

 Processing and analysis of all signal and
Images generated by the scattering of
radiation from material iInhomogeneities

 Required to develop mathematical and
computational models that map material
Inhomogeneities to the detected radiation

e Area of study called Image Understanding




Lecture will Focus on
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Maxwell’s equation

Boundary Conditions —  Wave equation < Green’s function
Geometry — Integral equation <  Approximation

Imaging equation

Wavelength >> Scatterer (weak scattering)
Wavelength ~ Scatterer (strong scattering)
Wavelength << Scatterer (geometric scattering)
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Principal Publication

S http /leleceng.dit.ie/arg/downloads/PhDJMB2010.zip
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Jonathan Blackledge

UNIVERSITY OF JYVASKYLA

FACULTY OF INFORMATION TECHNOLOGY
Electromagnetic Scattering

SOluthIlS for Digital Signal Jonathan Blackledge (born 25th June 1959)
Processing

has been awarded the degree of

THE DEGREE OF DOCTOR OF PHILOSOPHY
as specified in the Finnish Government Decree No. 794/2004

Scientific postgraduate studies have been fulfilled in the field of Mathematical
Information Technology.

The dissertation “Electromagnetic Scattering Solutions for Digital Signal Processing”
has been defended at its public examination on January 28th, 2010, Professor Michael
Rycroft (International Space University, France) and professor Timo Haméldinen
(University of Jyvéaskyld) as the chairman.

The Faculty Council of the Faculty of Information Technology has given the thesis
the grade “approved with honours” on February 24th, 2010.

Jyvaskyld, February 24th, 2010

Do W oag e o

Pekka Neittaanmaki
Dean

o
Eija [hanainen
Head of Academic Affairs
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' Contents of Presentation |

Part I:

* Rutherford Scattering

 Quantum Scattering Theory
 The Green’s function

 The Lippmann-Schwinger Equation
 The Born Approximation

» Electromagnetic Scattering Theory
e Summary

* Q & A + Interval (10 Minutes)
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' Contents of Presentation Il

The Hubble Space Telescope and Einstein rings
 Low frequency scattering theory

« Why is an Einstein ring blue?

o Compatibility with General Relativity

 What is Gravity?

* The field equations of physics

 The Maxwell-Proca equations

e Summary

e Q&A



Jaypeam Hodeeackon npesuu
M. J1. Kanuya 1894 -1984




What did Rutherford do?

Initiated the study of particle physics:
Rutherford 1909 - LHC (CERN) 2009

thikness of
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From England to Germany, i
Cambridge to Gottingen & &5
From Particles to Waves




Why Gottingen
and not Cambridge?

Max Born Robert Oppenheimer



The Power of
Abstract Ideas
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@9  Quantum Scattering Theory

« Schrodinger’s equation
for a 3D scattering potential V is

(VZ 4+ E)p(r, k) = =V (r)(r. k)

e Solved using the Green’s function

o(r k) — exp(ikr)

dmr



What is a Green’s Function?
(Impulse Response Function)

(V2 +k%)g(r|ro, k) = —6%(r — ro)

Source
52(r —rg) Pathlength | r — ry |
4

Receiver
g(I‘ ‘ Ip. }1)

Origin






& The 3D Green’s Function

N

(7 +K)g(r [ 0. k) = —6%(r —x0)

|
g(r | ro, k) =

- kT -
4/ZT‘I._I.O‘exp(?, T—10 |)



‘Outgoing’ and ‘Ingoing’
Green’s Functions
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Who was George Green?
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AN ESSAY

Ox 1THE

APPLICATION

MATHEMATICAL ANALYSIS TO THE THEORILS OF
ELECTRICITY AND MAGNETISM.

BY

GEORGE GREEN.

Fottingham;

FPRINTED F'OR THE AVTIION, DY T. WIHDELHOUBE.

SOLD BY HAMILTON, ADAMS & Co, 29, PATERNOSTER ROV ; LONGMAN & Co.; AND W. 10Y, LONDON;
J. DEIGHTON, CAMBRIDIGE ;

AN S5 BENNELT, H, BARNETT, AND W, DEARDEN, NOTTINGHAM.

1828,
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What Did George Green
Look Like?




Antistrange
A Quark

Antistrange
Quark




e C, fe
av . /§ 2 -&
~ o Pisy Y "f\-.
o - [=p xR
A D : I b l 5 = e
£ = 2 ’;;. G
= AT

- The Lippmann-Schwinger Equation

P(r, k)= i(r. k) + g(r, k) @3 V(rjp(r, k)

Incident + Scattered fields
* Forward scattering problem
Given V' compute 1

* Inverse scattering problem
Given v compute V



The Born Approximation

(r k) = i(r, k) +g(r k) @3 V(r)(r. k)

s ~ g(r k) @3 V(r)wi(r, k)
V(r)l <<1

“ am now convinced that theoretical
physics is actual philosophy”

Max Born
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& Far field Approximation

1
or-rg  r?\?2
| r— 1 |= T§+r2—2r-roro(1— 20+—2)
o 7o
| I‘-I‘0+ 7“2 X ~
=7y (1 — — +..)~rg—1Ng-r
’ re 212 "o 0
~ rO 7“ " " .
np = —  — << 1 Farfield approximation
o o
1

exp(ikro) exp(—ikng - r)
4%?0
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@y Fresnel Approximation

Based on including the quadratic phase factor

exp(ikr _ :
g | ro. ) = ST iy - 1) exp(in?/2r0)
4’?‘(‘?"0
Near field | EEIErma;dime]fieEd (Fg:u fiﬂgm _—
resnel zone 2i

|
/

Spherical wavefronts Parabolic wavefronts Plane wavefronts
| i




Far Field Solution and

Rutherford Scattering 7R

h.'

Ue(Ny, g, k) ~ /e}{p[ik(ﬁs —n;) - r|V(r)d'r

%ﬂ
angle
Gold
foil ; 5 1
V)| << 1 | s |Fox —



What does the Born
Approximation do for us? {3

IS equivalent to

Fourler space A=
analysis of scatterer Sl
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' ‘Electromagnetic Scattering

« Consider Maxwell’'s equations for linear,
Isotropic but innomogenous medium

V- ek = p, J=ok
V-uH =0,
K oH p(t) = po exp(—ot/e)
! V. ¢E =0
_ OE . High conductivity
VxH=e or Y condition



& DIT %

@  \Wave Equation for the
Electric Field

« Decoupling Maxwell’'s equations for the Electric
field (under the high conductivity condition) we

have

’E E
V7E — eu%tz —J,u%—t = —V(E-VIne) — (Vinp) x VX E

* In order to use a Green'’s function solution, we
require this equation to be written in the form of
the Langevin equation with a homogenous
operator on the LHS
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Langevin Form of the
Wave Equation

€ — €p H— HO
Ve = and T =
€0 M
1 [ - .
E(r,t) = 5 / E(r,w) exp(iwt)dw
T

A

— _sz}/ef} + z’kzgcrf} — V(E -Vine) -V x (v,V x E)

w o 1

Co v/ COHO

and zg = Uoco



Polarization Effects:
Real Aperture Radar

—kQ’}/Ei —+ ?:]fZ()O'E@ — V(E@ -V 1n Gfr)

x
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' - Scalar EM Scattering Theory

e Based on the scalar Helmholtz equation
(V? + EHu(r, k) = —k*y(r)u(r, k)
yir) 4V reV

where V denotes volume

« Under the Born approximation k2||v(r)|| << 1

us(r, k) = k*g(r, k) @3 v(r)u(r, k)
~ k2g(r k) @3 y(r)u(r, k)



Born Scattering
and the Poisson Spot

beam magnet
laser  spreader ball | screen

- ‘ ‘ bearing ® l

optical bench




Mathematical Model for the

&

Us (x“ y? Z k)

_ 2@k +y? + 2%)

AT/ 22 + y? + 22 ®3 v(x,y)0(2) exp(ikz)

_ L2 eXp(ik\/xQ + 2 4 22

P s R (@, y), v 3 V(z,y) €S
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@)  Analysis (Continued)

us(ro, Yo, 20, k) =

exp(ikzo) exp (Zk:}c% +

47‘(‘20 220
where
A(u,v) = K3 (u, v) = K2 Fa[y(2, )]
— kg//exp(—iu:c)exp(—z’vy)’y(:c,y)d:z?dy
kxo 2T X0 /fyo 27Ty0
U —m— ——— — = ———

v
20 A2 20 \20




&8 An Inverse (Born) Scattering ‘%
I m‘“ﬁ . \
Process we are doing now  {&}

nput Fourier
image lens image
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Coherent and Incoherent Images

BﬁS

 Model for a coherent image

 Model for an incoherent image

I:‘p‘2®®‘f‘2+‘n‘2 H.




What's Wrong with the
Born Approximation ?

E2 v (r) << 1
e Translates to:

A >> Scatterer

e Information based on
A\ ~ Scatterer
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@  Strong Scattering Model

wavefield generated by single scattering events
_I_

wavefield generated by double scattering events
_I_

wavefield generated by triple scattering events
_I_



N ‘o
a0t A,
\\\ O
s
= L I - o)
r;- C
Ia) 2}

The Born Series and Noise

u:ui—l-ng}@g’}/u
= w; + kg @3 yu; + k*g @3 (g @3 yu;) + ...

us = k2g @3 yu; +n

Signal = IRF convolved Input + Noise

The noise term describes
multiple scattering processes



Accuracy of the Model

A/

VN
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b
\

Does not take into account higher order effects
double, triple, ... scattering effects




Other Methods

 Based on an Eikonal transformation of the type
u = u; exp(s)

« Under the Rytov approximation we obtain

k2g(r, k) @3 y(r)u(r, k)

u; (r, k)

u(r, k) =u;(rk)exp

|k*y]l >> || Vs - Vs|



Inverse Solution Method

Inverse Scattering Solutions with Applications to \
Electromagnetic Signal Processing, Blackledge et al; %
ISAST Journal of Electronics and Signal Processing,
Vol. 4, No. 1, 43 - 60, 2009; http://eleceng.dit.ie/papers/113.pdf

Theorem: If (V2 4+ k?)u(r, k) = —k2~y(r)u(r, k)
and

u(r, k) = (e, k) +us(r k) (V24 K = 0

then
L1 1 ‘
/Y(I.) — ‘ U(I‘ ]C) ‘QV M X3 US(r? k) o _U/S(rv k)



http://eleceng.dit.ie/papers/113.pdf

Proof

1 1
_H @3 (u — u@) — —(’LL — u@)

—0° @3 (1 — u;) — — (VZu — V=u;)

1 1
—(u — u;) — —=Vu 4+ —=Vu,

k2 k?
= 37 [ (V2u + k%u) + V3u; + kQui}
1

kQu(

<

R = 2= 2=

ek

V? + k).




Analysis 1.
Asymptotic Result

—k*y(r) =

| u(r, k)

lus — (K /4mr) @5 usll2 < [lusll2[1 + & y/r/(47),

~1 1
—k?y = kus®3v2( )

u;—L + Us Ay




Analysis 2.
Transformatlon to Fourier Space ¢ .

F(kR) = [Us[k(ny; — n)] + 0 (kD) @3 U (kn)] ©3 A7 (kn)

Al =457 n; —n=n,

,

A P

us(kng) = ylk(n; —n,)] — uglk(n; —n,)] @3 ug[k(H; — ny)]
Scattered Field = Single Scattering - Multiple Scattering

Fourier zone Fourier transform Convolution



Summary

e Imaging systems modelling is based on
using a Green’s function solution to the
wave eqguation best models the system

« Application of the Born approximation
provides a linear system theory approach

to modelling an image

 Multiple scattering effects are taken to
contribute to the additive noise term



&) Inthe Following Lecture...

We shall consider a case study based on
the following question:

Why are Einstein Rings Blue ?
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Part |l: Contents

The Hubble Space Telescope and Einstein rings
 Low frequency scattering theory

« Why is an Einstein ring blue?

o Compatibility with General Relativity

 What is Gravity?

* The field equations of physics

 The Maxwell-Proca equations

e Summary

e Q&A



‘BB The HST &
@ Einstein Rings

EINSTEIN RING Einatein Ring ;ﬂr:"P:d when sarthlons-object

SLACSJ073743216

DISTANT OBJECT

LENS GALAXY

%

Multiple images formad when alignment is not perfact

1 arcsec
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e Consider the wave equation

(V2 + EHY(r k) = —k2y(e)u(r, k)

2mc?

V(1) = —5-[E — Ep(r)] - 1

e Exact scattering solution Is
0

]CQ
) = lim ¢, = —2
k—0 dmr

X3 7y

which is a general solution of

20 19
V L/)e — _kO /
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gy Scattering from a Low Frequency &
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" Scattered Field . ~ _ % ;. 4. v200

| ~scatterer

Scattering
from field

>> scatterer

Scattering
from
scatterer

Field generated by

2
8 — _kO’Y low frequency L/)9 ~ K 9 X3 f}q/)?f

scattering



“ Far Field Diffraction Patterns
]{2
Vs ~ k2g @3y Vs~ “52Y @3 i V2

+o
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JO73728 45+321618.5 JO95B29 T7+510006.6 J120540.43+491020.3

J140228.21+632133.5 J162746.44-0056357.5 J163028.15+452036.2 J232120.93-093910.2

Einstein Ring Gravitational Lenses
Hubble Space Telescope - Advanced Camera for Surveys

MASA, ESA, A, Balter {Harvard-Smithsonian CiA), and the SLACS Team ST2cl-PRCO5-22
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. A Dummkopf Explanation

A. Bolton (UH IfA) for SLACS and NASA/ESA

“What's large and blue and can wrap itself around an entire galaxy?
A gravitation lens image. Pictured above on the left, the gravity of
a normal white galaxy has gravitationally distorted the light from

a much more distant blue galaxy”.

Astronomy Picture of the Day, July 28, 2008
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* Rayleigh scattering of light

1
| flr/)-s ‘20( F

 Gravitational scattering of light?

1
‘ ’l/)s ‘20( F
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Experimental Evidence:
The Colour of Scattering

-4|n| -6In|




ompatibility with GR
Two Dimensional ‘Space Waves'’

AR (AT
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Let the ‘medium’ of wave propagation be
Space-Time
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. Curved Space Explanation of Grawty




What is Gravity ?

Two masses experience a gravitational force

because each mass ‘detects’ the
‘low frequency wavefields’ (gravity waves)

scattered by the

‘high frequency wavefields’ (matter waves)
of the other.



Example Consequences

o Gravity waves (as predicted by Einstein) will not be
measured because the detectors are In effect
weighing machines designed to weigh themselves!

e A black hole is a ‘strong scatterer’
of gravity waves

* A black hole will generate
multiple Einstein rings




®) The Field Equations of Physics

 Maxwell’s equations (1865)
Electromagnetic waves

* Einstein’s equations (1916)
Gravity waves

o Schrodinger (1925), Klein-Gordon (1927),
Dirac (1928) equations (& others)
Matter waves
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« Unified field theory: Fields determine wavefields

e.g. Maxwell’'s equations decouple to give the
classical (non-relativistic) wave equation

Fields describe mass-less Vector Bosons
« Unified wavefield theory: Wavefields determine fields
e.g. Proca equations are Maxwell’s equations designed
specifically so that upon decoupling, the Klein-

Gordon (relativistic) wave equation is obtained.

Flelds describe massive Vector Bosons



The Proca-Maxwell Equations
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The Search for Unity in Physical Law:
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String Theory .v. Wave Theory
&
e String theory (‘find the fundamental building blocks’)

All physics is the result of waves or ‘strings’ with
wavelengths ~ Planck length

[hG 35
(=y/— ~1.16 x 10"’ m
C

 Fractal wave theory (‘waves within waves approach’)

All physics is the result of waves interacting
(scattering) with waves at all wavelengths greater
than the Planck length subject to the principle of
(scale variant) eigenfield evolution
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Big Bang:

short impuls
broad spectr

etermines the Bandwidth

Big Puff:
long impulse
narrow spectrum




Eigenfield Evolution

Eigenfields evolve over a time period I
determined by scale and light speed

Electric Field E
Free Wavefield - Eigen Wavefield
Magnetic field %

The Universe - Two Billion Years after the Big Bang
" Animation

(Computer Animation - T. Theuns, MPA) ﬁ
ES0) PR Photo 1901 (18May 2001) ©Ewropean Southem Observalory



‘@ An Inverse Philosophy

And Maxwell said, let there be

dive=0 divb=0

curl e =— lﬁ curl b =
c Ot

and there was light.

-__' g . _.r"‘.
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Let there be light and there was
Maxwell’s Equations
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' Open (Inverse) Problem

GENERAL PHILOSOPHY
Physics is the interaction (scattering) of
waves with waves (no fields or particles)

The inverse problem is to formally derive
(at least) the following field equations:

Maxwell Einstein Dirac
Equations Equations Equations

A Mathematical Information Theoretic Approach



Summary

Low frequency scattering theory may provide
an answer to the question of

Why is an Einstein Ring Blue

This observation leads to a new theory of
gravity which is that gravity is a
Low Frequency Scattering Effect

Compatibility with GR is realised is the
medium of propagation is
Space-Time
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